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Abstract 

The domain wall fermion formalism in lattice gauge theory is much investi¬ 
gated recently. This is set up by reducing 4-1-1 dimensional theory to low energy 
effective 4 dimensional one. In order to look around other possibilities of realiz¬ 
ing chiral fermion on the lattice, we construct vortex fermion by reducing 4-1-2 
dimensional theory to low energy effective 4 dimensional one on the lattice. In 
extra 2 dimensions we propose a new lattice regularization which has a discrete 
rotational invariance but not a translational one. In order to eliminate doubling 
species in the naive construction we introduce the extended Wilson term which 
is appropriate to our model. We propose two models for convenience and show 
that a normalizable zero mode solution appears at the core of the vortex. 

^This is the revised version where we corrected the errors related to k J 0 zero modes, which 
were pointed out by Neuberger in ref. [36] . 

^Correspondence address: Faculty of Education, Ibaraki University, Mito 310-8512, Japan 
E-mail address: nagao@mx.ibaraki.ac.jp 


1 







1 Introduction 


In lattice gauge theory the domain wall fermion formalism[T][2] is much inves¬ 
tigated recently. Though domain wall fermion itself includes unwanted heavy 
modes in the bulk, the subtraction of them was discussed |3][1]. Subtracting the 
heavy modes in the case of the vector-like model, Neuberger succeeded to ob¬ 
tain the so-called overlap Dirac operator [5] which satsihes G-W relation[6]. This 
enables us to have Liischer’s extended chiral symmetry on the lattice[7] [S] and 
to circumvent Nielsen-Ninomiya’s theoremjH]. The well-known index theorem in 
continuum theory [TO] is also realized on the lattice [11] [7] . Liischer succeeded in 
constructing abelian chiral gauge theory on the lattice [12]. Domain wall fermion 
thus seems to provide a promising new dehnition for constructing chiral gauge 
theories on the lattice. 

A key basis for this development is the observation that, in the presence of the 
mass defect which is introduced as a scalar background in higher 4-(-x dimensions, 
a chiral fermion zero mode appears at the defect [T5] [14] . The topological defects 
are a kink (domain wall) for x = 1, a vortex for a; = 2, a monopole for a; = 3, 
and an instanton for x = 4, respectively. On the basis above Kaplan put the 
domain wall model, corresponding to x = 1, on the lattice by introducing Wilson 
term[T7] and opened a road to construct the 4 dimensional chiral gauge theory 
on the lattice [T]. 

In this paper we shall put the vortex fermion model, corresponding to x = 2, 
on the lattice. This is the higher dimensional generalization of domain wall 
fermion on the lattice. 

We have several motivations to construct vortex fermion on the lattice. One 
among them is that it is interesting in itself to generalize domain wall fermion in 
5 dimensions to vortex fermion in 6 dimensions. The most important property 
of domain wall fermion is that overlap Dirac operator [5], which was derived by 
subtracting unwanted modes from vector-like domain wall fermion, satishes G- 
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W relation[ 6 ]. It is, however, remained unknown why those two different ideas 
(extra-dimension and renormalization group methods) are linked, though it is 
considered how G-W relation is broken at finite 05 , in domain wall fermion [18] . 

In order to investigate this and to obtain another formalism of chiral fermion 
on the lattice, it is interesting and worthwhile to derive a new Dirac operator 
which will be obtained by subtracting unwanted modes from vector-like vortex 
fermion and to check whether this new Dirac operator satisfies G-W relation or 
not. If it satisifies G-W relation, it means that we have got a new solution of 
G-W relation, and that we have developed the new formalism of chiral fermion 
on the lattice. Furthermore we may obtain some information of the reason why 
two different ideas mentioned above are linked. The work of this paper, though 
we construct only chiral model but not vector-like one, may be a preliminary step 
to proceed along such direction. 

On the other hand, when we discuss gauge anomaly in 4 dimensions, 6 dimen¬ 
sional physics is a key point, since it is known that 4 dimensional gauge anomaly 
is related with 5 dimensional Ghern-Simon term and 6 dimensional Dirac index 
density by algebraic [15] and topological [T 6 ] explanations. Furthermore Gallan 
and Harvey explained that the 4 dimensional gauge anomaly caused by the zero 
mode localized at the defect is understood as just a charge flow in 4 -|- a; dimen¬ 
sions where the charge is conserved [14] . They explicitly developed this picture 
in the case of a; = 1 , 2 , and gave a physical explanation by fermion zero modes 
to gauge anomaly. It hence makes sense to study vortex fermion from the view 
point of gauge anomaly on the lattice. We think that the investigation of 6 di¬ 
mensional model is as important as that of 5 dimensional one for the purpose 
of understanding the whole structure of gauge anomaly and constructing chiral 
gauge theories on the lattice. This is the principal motivation for considering 6 
dimensional model. 

Liischer discussed constructing non-abelian chiral gauge theory with G-W 
fermion in 4 -|- 2 dimensions where 2 dimensional parameters are continuous. 
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which interpolate gauge helds in the link variable space [H] which are bounded 
for the plaquette ||1 — U{p)\\ < e|2n][2I]- Kikukawa discussed this with domain 
wall fermion in 5 + 1 dimensions where 1 dimension is continuous|22j. The non- 
abelian anomaly is also discussed in 4 + 2 dimensions where 2 dimensions are 
continuous [25] [24] [2H] . We propose to extend such possibilities to our vortex 
fermion in 6 dimensions where whole 6 dimensions are discretized^ 

For this purpose, we hrst study vortex fermion in continuum theory in section 
2 where we note that the rotational invariance in extra 2 dimensions has an 
important role. In section 3 we shall construct vortex fermion on the lattice. 
The usual square (cubic) lattice is not appropriate for this purpose since it has 
a discrete translational invariance but not a rotational one. Therefore we dehne 
and propose a new lattice regularization which is obtained by discretizing polar 
coordinates in extra 2 dimensions. This new reguralization, ‘^spider’s web” lattice, 
which has a discrete rotational invariance but not a translational one, is one of 
characteristics of this paper. Using this spider’s web lattice, we shall construct 
vortex fermion on the lattice. The action, which is constructed so that they 
have the hermiticity in both p and cp directions, includes a free parameter which 
should be hxed appropriately. This indicates some ambiguity of the dehnition 
at the string, namely the core of the vortex. We impose some constraint on 
the action to avoid the ambiguity and another method of parameter hxing is 
discussed in appendix. The naive construction of vortex fermion suffers from the 
appearance of doubling species. In order to eliminate them, we construct the 
extended Wilson term which is modihed to include scalar helds to be appropriate 
to our model. Using this extended Wilson term we show that there appears a 
normalizable zero mode solution localized at the string. For convenience, we 
propose two models. One is a simpler model which makes easier for us to conhrm 
the appearance of a normalizable zero mode solution, though this model does not 

^ After the previous version of this paper was submitted, Neuberger studied the vortex 
fermion where extra 2 dimensions are continuous in ref. |36j . 
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have the hermiticity in the p direction at a finite lattice spacing Op. Another is 
an herniitian model which is the main result of this paper. We show that the 
desired solution appears also in this more satisfactory model. Finally we discuss 
the summary of this paper and the future work in section 4. 

2 Vortex fermion in continuum theory 

We start from a brief review of the vortex fermion system in the continuum 
theorv|l4]. 

The model in 2n + 2 dimensional Euclidean space is given by the following 
Lagrangian, 

2n+2 

C = + + (1) 

4 = /(p)e-* = $1 + i42, (2) 

{4>> = V. (3) 

where p and are polar coordinates dehned by 

X2n+1 = pCOSfi, X2n+2 = pSlIifi. (4) 

$ is a hxed classical complex scalar helcy and f{p) is an increasing function of 
p which satishes /(O) = 0 and which approaches n at inhnity. F is dehned as 
follows 


r — r r 

int^ ext) 

= (-ZrFi---F2., 

Text ( ^)r2n+ir2n+2) 


(5) 

( 6 ) 
(7) 


^The phase of <i> is associated with the axion field 9{x) and we consider the situation that 
the string runs along the (a;i, • • • ,a; 2 n)-axis, perpendicular to (a; 2 n+i, a^ 2 ri+ 2 )-plane so that we 
can take the axion field 9{x) = (j) in cylindrical coordinates. 


5 



where r^(/x = 1, 2, • • ■ , 2n + 2) are 2n+2 dimensional hermitian gamma matrice^ 
and Tint is the chiral operator on the string. 

Then the Dirac equation is given by 

2n+2 

^=i 


2 n 


= '^Tidi + T2n+i{cos(j) + iTextsm(j))dp 
_ ^ = 1 

= -($1 + zf$ 2 )^, 


r2n+l (sin (j) - iText cos (p)-d^ 

p 


Ip 

( 8 ) 


which is equivalent to 

2 n 

lidiip0 + r2n+i(cos (p + iV^x^t sin (p)dpip0 

i=l 

2 n 

lAlpa + r 2 „+l (cos (p + iText Sm (p)dp'lpa 

i=l 


r 2 n+l (sin (p - iText cos (p)-d 0 'lp 0 

p 


-/(p)e*'^' 0 a, 


(9) 


r 2 n+l (sin (p - iText cos (p)-dsi>a 

p 


-f{p)e-^% 


( 10 ) 


where pJa and are the eigenfunctions of T, 

Tp}p = -'Ipp. 


( 11 ) 


We now solve the zero mode solution which satishes 

2n+2 

TpdptP+{<Ti + tt<T2)ij = 0. 

f.i=2n-\-l 

We assume the following form for ip 


= e*^'^(/J±(p,p,/c)e*^'^u±, 

= ^2n+l'lp0, 


( 12 ) 


(13) 

(14) 


where u± are constant spinors which have a dehnite chirality respectively as 
TintU± = ±u±, and k represents the angular-momentum. Substituting eqs. ffT^ffTTl) 
^Explicit notation of gamma matrices is given in appendix section. 
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into eq. lfT^ . we obtain 

w± = -/(p)e*V±(p)e*"V, (15) 

= -/(p)e-*V(p)e*"V, (16) 

where we have abbreviated 95±(p, p, k) as </7±(p). These relations reduce to 

dp^-ip) - ^^-{p) = -/(p)v?-(p), (17) 

dpip-{p) + ^ip-{p) = -f{p)(p-{p). (18) 

The solution exists for fc = 0, and it is given byS 

P-(p) = exp /(a)dcT^ . (19) 

This means that we have obtained a normalizable zero mode solution which has 
a dehnite chirality, 

ip0 = fi(^)d(T^U-, ( 20 ) 

xjj- = T2n+l'fp^- ( 21 ) 


We note that the zero mode solution is localized along the string. 

We briefly study the charge flow into the string in 2 + 2 dimensions. The 
expectation value of the current [26] is given by 

) = -jjp- 

^In the previous version of this paper we missed eq. (USD, namely eq. m, and reached the 
wrong conclusion that there are k ^ 0 zero modes besides a fc = 0 zero mode. Similar errors 
occurred also when we solved zero mode equations on the lattice in section 3, namely, in the 
naive fermion model, the simple vortex model and the hermitian vortex model. These errors 
were pointed out by Neuberger in ref. [36]. In this revised version all of the relevant errors are 
corrected and we see that there are no fc 0 zero modes in each lattice model, which agrees 
with the result of ref. [3Sj . 
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We write <l>(x) as 


$(x) = (23) 

off the string using the axion held 9{x) and consider the situation that the string 
runs along the Xi, a;2-axis, perpendicular to the X3, a;4-plane. Using the following 
equation 

[a^3, d^^]e = 2'K5{x2)5{xi) (24) 

which represents the topology of the scalar held <h, we obtain 

d^{J,) = ^e“'Kfe5(x3)5(x4), a, 6= 1,2. (25) 

47r 

We see that the anomaly arises at the string {xi,X 2 , X 3 , X4) = {xi,X 2 , 0, 0), namely 
from the zero mode solution. 


3 Vortex fermion on the lattice 

In this section we shall put the system of the previous section on the lattice. For 
this purpose, we shall hrst propose the following new lattice regularization. 


3.1 New lattice regularization 


For xi,X 2 ,--- ,X 2 n we discretize the Euclidean coordinates as usual, that is, 
square (cubic) lattice which has a lattice spacing a for all the directions, while for 
X 2 n+i,X 2 n +2 dhectious we discretize them after taking them as polar coordinates 
p, (j). Namely, we now have '^spider’s web” lattice which has lattice spacing Op and 
“lattice unit angle” corresponding to the polar coordinates as in Figure [T]F 
The square lattice which we are familiar with respects the discrete translational 
invariance but sacrihces the rotational one and this is always used for construct¬ 
ing various models on the lattice[2Z]. But when we want to discretize the model 
which especially respects the rotational invariance rather than the translational 


®The lattice spacing for the f direction between the site (p, f) and (p, b -t 1) is 2pap sin 





one, the square lattice is not appropriate for describing such a model. It hence 
makes sense that we discretize polar coordinates so that the new lattice respects 
the discrete rotational invariance rather than the translational one. We propose 
to use this new spider’s web lattice regularization in the case of our vortex fermion 
model where the rotational invariance has an important role. 





Figure 1; The spider’s web lattice is drawn. 


9 







We define the forward and backward difference operator as 


= 

= 

and also the hermitian operator as 


CLp 

'^P,4> f^p—1,0 

Op 

4’p,4>+a.4, ~ '^P,4‘ 

2 sin^ ’ 

'^p,(l> ~ '4’p,<t)-a^ 

2 sin^ 


( 26 ) 

(27) 

(28) 
(29) 


VpVp,0 = 

Vp + v; 

T VI 

(30) 

<1 

;5 


(31) 


thongh the last one is not used in our present model. 

Here we note that and V^-i/ip^^ are dehned for p > 1 and that V</,'i/'o ,0 = 

= V^V’o,^ = 0. In this new regularization p is dehned in the region p > 0, 
so this means that we have always a boundary at p = 0 even when we consider 
the inhnite volume latticed Therefore the dehnition at p = 0 is non-trivial and 
has some ambiguity, which leaves something to be discussed. In fact if we write 
the action naively, then the action includes a free parameter at p = 0 which 
should be hxed in some appropriate way. In this paper we impose the constraint 
of ?/^(p = 1,0) = ^(p = 0) on the action and redehne the hxed classical scalar 
held <I> in order to avoid this ambiguity. We note that the 0 dependence of the 
helds at p = 1 is eliminated with this constraint. The explicit action satisfying 
our requirements is proposed and discussed in the next subsection. 

As for the link variables we dehne as follows 


f/p(p,0) = exp(zpapAp(p,0)), (32) 

U4P,(P) = exp(ip2papSin^A^(p,0)), (33) 

®In this paper we consider only the infinite volume lattice. 
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which connect the reference site (p, (f)) with the neighbor site (p+1, 0) and (p, (f) + 
a^) by gauge fields Ap, respectively, and their backward operators too. In this 
paper we consider only the simplest case Up{p,(J)) = U^{p,(l)) = 1, that is to say, 
we deal with the dynamical link variables only in 4 dimensional parts {Ui{x) for 
* = 1,2,3,4). 

Apart from the vortex fermion model in this paper, we hope that this new lat¬ 
tice regularization will be generally adopted for other models where the rotational 
invariance has an important role. 

3.2 Naive construction 

Now we construct the vortex fermion model on the lattice using the new lattice 
regularization in extra 2 dimensions. As mentioned above, if we write the action 
naively, the action Snaiveip) includes a free parameter b. We refer the explicit 
form of Snaiveip) to appcudix. We must adjust the parameter so that we can 
obtain a desirable solution. Zero mode solutions are, in general, the relations 
among three sites p — 1, p, p -|- 1, for various values of p. But in order to obtain 
a unique zero mode solution, this relation must begin from the relation between 
two sites at the smallest p, for example, the relation between p = 0,lorp=l,2 
etc.. If the zero mode solution begins from the relation among three sites, for 
example, p = 0,1, 2 or p = 1, 2, 3 etc., then we cannot determine the solution 
uniquely, that is to say, the solution is not solved inductively with the input of 
an initial value at the smallest p. Namely a boundary condition at p = 0 must 
be chosen properly by hxing the free parameter in order to ensure the uniqueness 
of the solution. 

We hud that one of the appropriate methods of parameter hxing is to assume 
the constraint of -(/^(p = l,(p) = '^{p = 0) on the action Snaiveip) and redehne the 
hxed classical scalar held <h. This constraint eliminates the terms which include 
the free parameter b in Snaive{b), rather than hxing the parameter. As will be 
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shown later, this constraint gives a desirable solution, which begins from the 
relation between two sites at the smallest p. We also discuss another method of 
parameter hxing of b in appendix. In this subsection we use the action 
which is obtained by imposing the constraint on Snaiveip). 

The action which does not include the free parameter, is written by 

pOp [ipTpVpij + + *r<h2)'0] , (34) 

X 4> p 

where 


EE EE EE pap'ip{TpVp) ext'4^ 

4> p <!> p <P p 


(35) 


EE pappiTpVp) 

ext'^ 

p <t> 

oo 

= EE papiljp^^T2n+i [(cos 0 + iText sin (p) 

p=i (f, 

■ 'r...cos(p +1)) V, 

+ (sin).# iT,.,co,(p - ^)) V;} X 

and we redefine the fixed classical scalar held $ as follows 


(36) 


$ 

f{p) 

0{P) 


f{p)e^^. 

^e(p) ^ 

CLp 

( 1 p>2 

I 0 p=l. 


(37) 

(38) 

(39) 


Now we seek the zero mode solution. In order to obtain the Dirac equation, 
we vary the action by tjjp^^ according to the value of p. The variation is as 

follows: 
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1- by 

The Dirac equation becomes 


T ^ Q'pr2n+l 


P=1 




2 ap 

= 0 , 


2 ■'Vai + e' 


^rea:t(</>-^■) V7* 


X 


^2,</. + 


( 40 ) 


which is equivalent to 


y.nt^f + r2.+l X 


g*re^t(?i+^)y _j_ gire2:t(0--r) V* 


X 




= 0, (41) 


y.nt< + 5^r 


2nH-l 




X 


3*rei,t(</>+^)Y7 , _L £,*rea:t( 0 --^)y* I X ( '*^1 


We substitute the following form into the zero mode equation 

e’‘^'^(p±{p,p,k)e^’^'^u± for p > 2, 
e*^'*p±(p, p)'U± for p = 1, 


= 0. (42) 


= 


= Tsn+l^a. 


(43) 

(44) 


Here we note that the value of k is restricted to 0,1, 2, • • • , — 1, where 

is the number of lattice sites in the angular direction, namely, N^p = 

We keep in mind this restriction on k whenever we deal with the spider’s 
web lattice. Then the zero mode equation becomes 

<P±(2) - ^±(l)e-*"^ T - l) + (l - = 0,(45) 

<^±(2) - p±(l)e-*^'^ ± - l) + = 0.(46) 

A necessary condition for the existence of the solution is to choose k such 
that = 1. Generally, k = ^ {n e Z^ven) satisfies = 1, but we have 
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the restriction on k mentioned above. Thus the solution exists for /c = 0, 
and it is given by 

»>±(2)=^±(l). (47) 

Solving the zero mode equation as the case above, we obtain the minus 
chirality solution 

<d-(P + 1) - <P-(P - 1) = -2ap/(p)<p-(p). (48) 


From the consideration above, we have obtained the following normalizable 
solution for /c = 0 


^.{ 2 ) 

<P-(P+1) = F-(P-1)-2ap/(p)(/7_(p) for p>2. 


(49) 


This solution begins from the relation between two sites at the smallest p, so we 
can obtain a unique ^-{p) from p = 2 to p = cx) inductively with the input of 
(p-(l). 

But 'finti’ is written as 

2 n 

(50) 

i=i ® 

in momentum space, so doubling species appear. 

Here we compare the appearance of doublers in vortex fermion with that 
in the case of domain wall fermion. In the latter case, both chirality solutions 
localized at the defect appear for p = (0, 0, 0, 0) in 4 dimensional momentum 
space and from the term sin(pja) there appear the flipped chirality solutions 
for p = (^,0,0,0) etc. corresponding to each chirality solution. On the other 
hand, in our vortex fermion, only a single (minus) chirality solution localized at 
p = 0 appears for p = (0, 0,0, 0), because factor determines a single chirality 
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definitelylj This is quite a different point from the case of domain wall fermion. 
Though there appear the hipped chirality solutions at p = (^,0,0,0) etc. also 
in this vortex fermion from the term sin(pia), the number of doubling species is 
reduced to almost half of that in the case of domain wall fermion. This better 
point of vortex fermion than that of domain wall fermion is owing to the fact that 
vortex fermion has one more extra-dimension than domain wall fermion and that 
one is therefore allowed to have a little more freedom to give more adjusted scalar 
fields or mass terms to the model in order to obtain a desired solution which has 
better properties. 

At any rate, this naive construction model has doubling species, so we shall 
consider using Wilson term in the next subsection in order to eliminate the dou¬ 
bling species. 

3.3 Extended Wilson term 

If we use the usual Wilson term|17j. where extra 2 dimensions in Euclidean 
coordinates are taken as polar coordinates, we cannot obtain zero mode solutions 
with a definite chirality. This is because the usual Wilson term does not include 
the factor which has an important role of determining the chirality of the 
zero mode solutions definitely. Therefore we need to extend the usual Wilson 
term so that we can still keep the factor even after we add the extended 
one to Furthermore when we construct naively the extended Wilson term 

Sw{c) which has the hermiticity in both p and (j) directions, Sw{c) includes a 
free parameter c like b in the naive action Snaive{b)- We refer the explicit form of 
the extended Wilson term Sw{c) to appendix. Since S'vy(c) has some ambiguity 
at the p = 0 boundary, we have to adjust this parameter to obtain a desirable 

^If we replace the mass term -|- ir $2 to — zr $2 in the action, we obtain an opposite 
(positive) chirality solution. This is an anti-vortex fermion which appears at a large distance 
when the volume is hnite. This situation looks like a domain wall fermion case. 
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solution. 

We now impose the same constraint as in previous subsection, = 1, ^) = 
%Ij{p = 0) on S'vy(c) and use the redehned scalar held <h. Then this constraint 
eliminates the terms which include the free parameter c in Sw{c), and gives a 
desirable solution as shown later. In appendix we also discuss another method of 
parameter hxing of b, c in the whole action Snaiveib) + Sw{,c). 

We now use the action which is obtained by imposing the constraint on 
the action Sw{,c). The action 5'^, which does not include a free parameter c, is 
written by 


qc 


Qc(in) 


Qciput) 



(51) 

(52) 


oo 

EEE 

X p=l 0 


XV CL — — — 

-^tl)p,4>pap [($1 + + Ap ((<I>1 + zr<I>2)Pp,</.)] 

rriQ 


X 


1 

2 


OO 

E E E [(*1 + 'f v>p,* + vj ((4, + ir42)Vp,P] X - 

— mo i 

X p=l 0 

OO 2 -1 -I 

E E E [(*■ + 'f 1 . 2 )((K. + X 

X p=l 0 C' p 

(53) 


Using this extended Wilson term we construct vortex fermion model in the 
next subsection. 


3.4 Simple vortex model 


We hrst construct a simple vortex model from which we can see easily that there 
indeed exists a normalizable zero mode solution localized at the string. 

The action is 


C — 
C _ C ’ P 

^ ^ naive 


Qc(in) 

-r- Ow 


(54) 


c v'*- 

where 


is obtained by replacing to 


Vp in 


Here we sacrihced 
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the hermiticity in the p direction at a finite lattice spacing Up in order to see 
clearly that we have a normalizable zero mode solution. 

Now we seek the zero mode solution. In order to obtain the Dirac equation, 
we vary the action by according to the value of p. The variation is as follows: 

by 

The Dirac equation becomes 

apfintA + ^ apr2„+i [ 

= 0 (55) 

Solving the zero mode equation as in the previous subsection, we obtain 

V^±(2) = V9±(l). (56) 


This solution exists for k = 0. 

2' •'y t“' p £ 2 

The Dirac equation becomes 
^int4^p,<p + r2n+l [ 

2n 

= -/(p)e*^'^^P,<A - — ^ /(p)e*^‘^Ai'0p,<^. (57) 

rno tr 

Solving the zero mode equation, we obtain the minus chirality solution 

ip-{p+l) = z<p-{p), (58) 

where we have defined F{p) = ~ cos api) > 0, 2 ; = 1 — apUio + F 

and chosen w as w = 7 ^. 

2ap 
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From the consideration above we obtain for A; = 0 


ip_{2) = (^-( 1 ), 

(^-(p+1) = (p>2). 


( 59 ) 


We see that (p-{p) is normalizable if |- 2 | < 1 0 < apiriQ — F{p) < 2 is satished. 

Noting that -F(O) = 0, a normalizable solution exists for small p only if 0 < 
apirio < 2. We also see that for F > 2, which means the appearance of doubling 
species, there is no normalizable solution because 0 < apUio < 2 is not satishedF 


0 


This situation looks like that in the case of domain wall fermion 


In this subsection we have seen that there exists a normalizable zero mode 
solution localized at the string in the simple vortex model, just as in the well- 
known continuum case. 

3.5 Hermitian vortex model 

In this subsection we shall construct the hermitian vortex model and show that 
there exits a normalizable zero mode solution localized at the string. 

The action is dehned as 


( 60 ) 



We seek the zero mode solution. In order to obtain the Dirac equation, we vary 
the action by according to the value of p. The variation is as follows: 


1. by 


®We note here that we can exclude doubling species by the normalizable condition with 
Wilson term. 


®In domain wall fermion case it is shown that a chiral zero mode solution exists for wide 
range value of w[28]. 
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The Dirac equation becomes 


dp'f inti^l + 0,p^2n+l [ | p=l 




_ 7/1 1 

5:^K{(4. + ff4,)^,qi,..]xi 

ruo / 

9 

E ^ hU(*i+‘ft^wv) M X 5- 

/ / iQ 


Solving the zero mode equation as in the previous subsection, we obtain 


if-{2) - (/?_(l)e-'^^ + / <1 - 1) + e-'^(l - 6“*^“^) [ (^_(2) 

i^XXX 2 ^ ^ 

(62) 


^_( 2 )-^_(l)e-“*- 


V-(2). 


4sin^ 


e"* 2 - 1) + e* 2 (1 - ^ V9_(2) 


We thus obtain the minus chirality solution for /c = 0 




2- ‘>ysfcforp=2 

Solving the zero mode equation as the case above, we obtain 

Awp + - 2apmo + dtcF^ V^-(2) + (l - fwp) V?-(l) 

^-(3) = ^-7—-• (65) 

1 + fwp 


3- by for p > 3 

Solving the zero mode equation in the same way, we obtain 


f-{p+l) = 


2wp - apTUo + ^ v?_(p) + (| - + 5 ) y?-(p - 1) 


2 ^ W/p W 2p 
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We choose Wp, and w such that Wp = = | and Then the above 

solution, which exists for fc = 0, is expressed as follows: 


(p_(3) = 


(y9-(p+ 1) = 


4 . ^ 


[l apmol^l 16^-0)+^] 

^-{ 2 ) +-kf-W 


1 - apUio 1 - ^ 


ip^apmo 


+ F 


V-{p) + 1 ) 


1 + i 


(67) 

( 68 ) 

for p > 3. 

(69) 


We note here that the solution begins from the relation between two sites at 
the smallest p as eq. fl671) . and that if we input (p-(l) into eqs. fl671hl68lhl69|l . then 
we obtain a unique <P-{p) from p = 2 to p = oo inductively. If the parameters 
b, c in the action Snaiveip) + Sw{,c) are not adjusted properly, the solution at the 
smallest p, corresponding to eq. (l67)) . becomes the relation between three sites, 
p = 0, 1 , 2 in general, which means that we cannot determine the solution of q^-{p) 
uniquely with the input of 95-(0). Our constraint of '0(p = 1,0) = ^(p = 0) on 
Snaiveip) + Sw{c) and redehnition of $, a kind of the parameter hxing, avoids 
this problem and works well. 

Since we have solved the zero mode equations, we now consider the normal¬ 
izable condition. We dehne Pp as 

(p-(p+1) = Fp(p_(p), (70) 

then we hnd that for large p 

Pp ~ 1 - apUiQ + F = z. (71) 

We see that the (p-{p) is normalizable if | 2 ;| < 1 is satished. Noting that P(0) = 0, 
a normalizable zero mode solution exists for small p only if 0 < Opmo < 2. 
Furthermore we see that for P > 2, which means the existence of species doublers, 
there is no normalizable zero mode solution because 0 < apirio < 2 is not satished. 
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We have thus shown that a normalizable zero mode solution localized at the string 
exists also in this hermitian vortex model. 

Finally we briefly mention the subtraction of massive modes, though this is not 
a real analysis. Our model D^ortex includes many massive modes besides the zero 
mode solution localized at the string. Since we want only the zero mode solution, 
we need to construct the Pauli-Villars Dirac operator D^^tex order to subtract 
the unwanted modes. In the domain wall fermion case the absence of Pauli- 
Villars zero modes is obvious once anti-periodic boundary conditions are used. 
In our spider’s web lattice, considering the situation that the zero mode solution 
is localized at the p = I string, we assume the Pauli-Villars Dirac operator 
which has a constraint of = 1) = 0. This constraint is expected to exclude 
only the zero mode solution. Then the interface Dirac operator is written 

as 


det D 


vortex 


= lim 


det D 


vortex 


ap,a ^^0 det 


No 


vortex 


= lim 


J dipdilje 


-s 


ap,a</,^0 J d'lpd'lpS (j))) e~^ 


(72) 


where we note that = 2%. This det D^o^exl^ expected to include only 

the zero mode solution localized at the string, and produce the correct anomaly. 
Besides this direct calculation, we expect that the 2n dimensional anomaly is 
observed as the charge flow oi 2n + 2 dimensional space off the string in our 
model. It is important and interesting to check if the correct anomaly is produced 
in both ways on the lattice [31]. 


lOXhis detDl 


is expected to correspond to the chiral determinant of overlap for¬ 


mula which was derived by Narayanan and Neuberger from domain wall fermion in 5 
dimensions [29] [30] . 
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4 Conclusions and discussions 


In this paper we constructed a chiral vortex fermion model on the lattice. In 
section 2 we first studied vortex fermion in the continuum theory. In section 
3 we proposed a new lattice regularization, spider’s web lattice, which has the 
discrete rotational symmetry rather than the translational one. We obtained this 
by discretizing polar coordinates. We hope that this spider’s web lattice is useful 
to invesigate some models where the rotational symmetry has an important role. 

The action constructed on the spider’s web lattice includes a free parameter 
which should be fixed properly. We proposed the reasonable constraints so that 
we can obtain a desirable solution avoiding this ambiguity. We also discussed 
another example of parameter fixing in appendix. Next in order to eliminate the 
doubling species which appeared due to the naive construction, we introduced 
the extended Wilson term which was modified to include scalar fields appropri¬ 
ate to our model. We constructed two models for convenience and obtained a 
normalizable zero mode solution localized at the string. 

In order to make this model a more realistic one which we can put on com¬ 
puters, we need to construct a vector-like vortex and anti-vortex fermion system 
in finite volume. The framework is that the string penetrates a sphere 8 “^ whose 
radius is r where the vortex fermion appears at the north pole, while the anti¬ 
vortex fermion at the south pole. This is a vector-like vortex fermion model. 
If we set the radius r to cx), then we obtain a chiral vortex model, which we 
constructed in this paper, from a northern hemisphere, and a chiral anti-vortex 
model from a southern hemisphere. It will be possible to construct the vector-like 
vortex fermion model on the lattice, though it will become a little complicated 
to define a “mirror half like lattice by discretizing the surface. It might be 
advantageous for this purpose to regard the sphere as a cylinder where the both 
edges are tied. 

If we start from such a vector-like model, we should consider the subtraction 


22 



of the unwanted modes and check whether a new Dirac operator which will be 
derived satisfies G-W relation or not. Dvortex includes many massive modes be¬ 
sides the zero mode solution localized at the string. Since we want only the zero 
mode solution, we need to construct the Pauli-Villars Dirac operator D^^tex 
order to subtract the unwanted modes. If we can construct we should 

perform the following procedure and check whether the following Dirac operator 
-^TO^ex satisfies G-W relation or not, 


det D vortex 1 , t-iGW? 

lim --—rrrT— = det D ' 


ap,a ^^0 det 


vortex * 


(73) 


vortex 


It is natural to expect this occurs, because in the case of domain wall fermion 
this is indeed the case. 

It has been known that every Dirac operator whose form is D = I-I- 75 X where 
= 1 satishes G-W relation regardless of the content of X[32], and overlap 
Dirac operator has such a form. This is, however, a non-trivial thing. It has not 
been given any satisfactory explanation why overlap Dirac operator originating 
from the idea of extra-dimension links to G-W relation which is derived from a 
quite different idea of renormalization group. Therefore also in this sense it is 
interesting to check if the Dirac operator satishes G-W relation or not. If it 

does, we should investigate the various properties such as locality, chirality etc., 
which may offer another formalism of chiral fermion besides the usual overlap 
Dirac operator. 

Finally in order to construct chiral gauge theories we must consider gauge 
helds which depend in some manner on the extra coordinates. The hrst of these 
attempts was the so-called waveguide model which did not work|3] |33]. At present 
a far more sophisticated construction was given by Kikukawa which is closely re¬ 
lated to Liischer’s construction[22]- To extend this with our vortex fermion, we 
need to start from the vector-like model in hnite volume. Though in this paper 
we have not constructed a vector-like model, but a chiral one in inhnite volume, 
the work of this paper is a preliminary step to proceed along such directions. 
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Furthermore it may be another direction to construct a mechanism where 6 di¬ 
mensional gauge helds localize into 4 dimensions. Indeed in the recent approaches 
of brane world scenario[3l], where we think we live in a localized space embedded 
in higher dimensions, various gauge held localization mechanisms are proposed 
in 5 or 6 dimensions [55] • Though they are not directly applicable to our lattice 
model, it will be possible to construct similar mechanisms also on the lattice. If 
we can have such a construction on the lattice, it will mean that the interpola¬ 
tion path of gauge helds from higher to 4 dimensional lattice does not depend on 
the detail of 5 and 6 dimensional gauge held space. It is interesting to combine 
vortex fermion with this mechanism for obtaining the non-abelian chiral gauge 
theory on the lattice. If it is done, the current in Liischer’s construction is 
expected to be determined nonperturbatively on the lattice. This is hopefully 
another approach to the construction of non-abelian chiral gauge theory on the 
lattice besides Liischer’s one where we need the classihcation of the structure of 
4-1-2 dimensional gauge held space. 
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A Notation of gamma matrices 


We give the explicit notation of the gamma matrices which appear in this paper 
as follows, 


r. = 


^2n — 


r2n+l — 



(i = 1,2, ■ ■ ■ ,2n - 1), 


(74) 

(75) 

(76) 



I — 72n+l 

r 2n+2 — 

y —72n+l 


•n—1 

72n+l = 

« 72n7l ■■ '7277-1, 


(78) 


where (// = 1 , 2 , ■ ■ ■ , 2 n+ 2 ) and 7 * (z = 1 , 2 , ■ ■ ■ , 2 n) are 2 n +2 dimensional and 
2 n dimensional gamma matrices respectively and 72 n+i is the chiral operator in 
2n dimensions. They satisfy the following hermitian and anti-hermitian relations 


{l2nV 

72n, 


(79) 


= -7i (z = l,2,' 

.■■2n-l), 

(80) 

(72n+l)^ 

= 72n+l, 


(81) 

(r,)^ 

= (h = i,2,' 

■ ■ 2ti + 2), 

(82) 

(r,)^ 

= 1 (/i = l, 2 ,-- 

■ 2n + 2). 

(83) 


Using the above gamma matrices we dehne the 2n + 2 dimensional chiral 
operator f as follows, 


r = 


r r 

int^ ext 



(84) 

(85) 
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where Tint T^xt are given by 


r _ 

int 


r p_xt — 


72 n+l 

72n+l 
-i)^ 2n+l^ 2n+2 

l2n+l 

~72n+l 


( 86 ) 

(87) 

( 88 ) 

(89) 


B General hermitian action on the spider’s web 
lattice 


In this appendix we show the general form of two actions Snaive and Sw with¬ 
out any boundary conditions or constraints such as 'i){p = 1,0) = 'i){p = 0) 
introduced in section 3. The actions, which are constructed so that they have 
the hermiticity in both p and 0 directions on the spider’s web lattice, include a 
free parameter respectively which should be hxed properly. We discuss another 
method of parameter hxing besides the constraint introduced in section 3. 

The naive action is given by 

Snaive{h) = X] X] X] -f 0(<I>1 ff $2)0] (90) 

X (f> p 

where 

EE pap0r^V/,0(6) = EE Pd'p0(r^Vp)int0T ^ ^ ] Pd'p0(r^V p'jext'^ifi) i 

4> p <t> P <t> P 

( 91 ) 
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EE pap%l){T^V 

ext ij{b) 

p <!> 


"E 


V^ 0 , 9 ir 2„+1 (cos 0 + iV^^t sin (j)) 2n+i (cos 0 + sin 4>) 


- ^o,<^r 2 „+i^ (^sin (0 + y)V 0 + sin (0 - y)V^) 


-zlext (cos (0 + ^)V 0 + cos((;ii - 




2 


-EE papi/jp^^T2n+i [(cos (j) + iText sin 0 ) 

p=i 0 
1 

2pap 

- (sHp - ^) - *r„, cos(^ - ^)) v;} X ( + Vi,^ 


^Sin(.^+ y) - 2rei(COs(.^+ ^)'j V4 , 


(92) 


and 


/(p) = . 


On 


0{p) ^ 


(93) 

(94) 


1 P > 1 

0 p = 0 . 

We note here that Snaiveip) contains a free parameter b in eq. fl92l) which shonld 
be hxed to an appropriate valne in each model we constrnct. This means that 
the action has some ambignity at p = 0 bonndary. If we impose the constraint 
■^(p = 1 , 0 ) = 0 (p = 0 ) and redefine $, we obtain the action of eq. fIST)) in 

section 3. 

We now consider another example of parameter fixing. Starting from the 
action Snaiveip), we obtain the following zero mode solntion for non-zero fo, 


p_(2) = (6+l)p_(0), »;-(l) = 0, 


(95) 


and for p > 2 , 

p- (p -fl) = -2f{p)apip- (p) - 1 - p_ (p - 1). (96) 

This solntion exists for P = 0. We see that there exists a zero mode solntion for 
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b which satisfies b 7 ^ 0,-1 and which is not too large. In any case we need the 
extended Wilson term since there appear donbling species. 

Next we shall see the general form of extended Wilson term. The extended 
Wilson term is given by, 


Sw{c) 

Qin 



qin I qout( \ 

00 2 n 

$ 2 ) 

Ulf) 

X p=0 (j) i=l 


(97) 

(98) 


CXD 

EEE 

X p=l 0 


[($1 + + Ap (($1 + iV^ 2 )'fpp,<i)] 

mo 



uu - 

+ E E E ^’^ 0.8 [(* 1 +^* 2 ) +v; ((4i+2r4.,)p,.,)] X - 

X p=l <f> ^ 

cPo (h^) + (c - i)p. (h±A j 

+ E E E «h2)A<^Pp,^ + A^ ((< 1.1 + zf <|.2)V'p,^)] X 1 

“ “ mo pttp l 

X P=0 0 ^ 

(99) 


EE 




mo 


where c is a free parameter like b in the naive action Snaiveip). Sw{,c) has some 
ambignity at p = 0 bonndary, too. We have to adjnst this parameter so that the 
model has a good property. If we impose the constraint p(p =1,0)= ip{p = 0) 
and redefine d>, we obtain the action of eq. dSTD in section 3. 

We now consider another example of parameter fixing besides the constraint 
p(p = 1,0) = 0(p = 0). We start from the action where the parameters are fixed 
as follows, 

S = Snaiveib= -Wp) + Sw{c= 1). ( 100 ) 


Solving the zero mode equations, we obtain the zero mode solution 


p_(2) 


4 

5 


1 — ttpmo 



+ F 




( 101 ) 












and for p > 2, 


(p-(p+ 1) = 


1 - Opmo 1 - 


1 


Ap^ap-mo 


+ F 


V?-(P) + TpV>-ip-^) 


1 + 4 


( 102 ) 


where we have chosen Wp, and w snch that Wp = ^ and This 

solntion exists for A; = 0. From eqs. fllOll) fll02p . we hnd that the inpnt of <P-(1) 
allows ns to obtain a nniqne <p-(p) from p = 2 to p = cx) indnctively. (p-(0) 
does not appear in the zero mode eqnations, which means that <P-(0) is not a 
ae,d0 we .e W e... a zero mode solntion 

for 0 < arrtQ < 2 also in this parameter hxing. 

However, this parameter hxing has some problem. When we try to obtain 
4 dimensional low energy effective theory explicitly, the procednre discnssed as 
eq. fl72]) in section 3 may become a little more complicated becanse we need to 
consider some average of 0 at the site (p = 1,0). On the other hand, we do not 
have to care abont this with the constraint '4^{p = 1,0) = '0(p = 0). 


this case the string has a finite thickness whose radius is about Op and that the area 

within one site from p = 0 is excluded from the spider’s web lattice. 

^^The normalizability is satisfied since the discussion below eqs. (|70|([7T1) in section 3 is re¬ 
peated. 
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